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Mechanism of quasi-static crack branching in brittle solids has been analyzed by a modiﬁed displacement
discontinuity method. It has been assumed that the pre-existing cracks in brittle solids may propagate at
the crack tips due to the initiation and propagation of the kink (or wing) cracks. The originated wing
cracks will act as new cracks and can be further propagated from their tips according to the linear elastic
fracture mechanics (LEFM) theory. The kink displacement discontinuity formulations (considering the
linear and quadratic interpolation functions) are specially developed to calculate the displacement dis-
continuities for the left and right sides of a kink point so that the ﬁrst and second mode kink stress inten-
sity factors can be estimated. The crack tips are also treated by boundary displacement collocation
technique considering the singularity variation of the displacements and stresses near the crack tip.
The propagating direction of the secondary cracks can be predicted by using the maximum tangential
stress criterion. An iterative algorithm is used to predict the crack propagating path assuming an incre-
mental increase of the crack length in the predicted direction (straight and curved cracks have been trea-
ted). The same approach has been used for estimating the crack propagating direction and path of the
original and wing cracks considering the special crack tip elements. Some example problems are numer-
ically solved assuming quasi-static conditions. These results are compared with the corresponding exper-
imental and numerical results given in the literature. This comparison validates the accuracy and
applicability of the proposed method.
 2014 Elsevier Ltd. All rights reserved.1. Introduction the propagating wing (or kink) cracks). After each incrementalThe crack branching mechanism is a complicated process and
has been usually treated dynamically. It is observed that as cracks
travel faster in brittle solids such as glass, rocks and rock-like
materials, they tend to branch out (Meyers, 1994). In the fracture
mechanics literature, crack branching (bifurcation) is usually con-
sidered as a dynamic phenomenon and has been studied by many
researchers (Yoffe, 1951; Ravi-Chandar and Knauss, 1984; Ravi-
Chandar, 2004). Ravi-Chandar and Knauss (1984) made a critical
analysis of crack branching and concluded that branching occurs
at velocities much lower than those predicted by Yoffe (1951).
They proposed a mechanism based on the formation of micro-
cracks ahead of the main crack. The interactions of the micro-
cracks among themselves and with the main crack dictate the
branching response. In the present paper, it is concluded that the
crack branching may occur even quasi-statically due to formation
of wing and secondary cracks emanating from the crack tips and/
or from the kink points (the points between the main crack andcrack extension, the crack propagation angle will change and some
kink points are produced where the stresses may exceed the
strength of the fractured solid (due to the stress concentration phe-
nomena at kink points) and the crack may start to branch out.
Several analytical, numerical and experimental works have
been done on the subject (Sukumar et al., 1997; Hori et al., 2005;
Golshani et al., 2005; Oliver et al., 2006; Rabczuk et al., 2007;
Bordas et al., 2008; Stan, 2008; Oguni et al., 2009; Maysavina
and Sadowski, 2009; Chen et al., 2012). In most of these studies,
the importance of secondary cracks (which are recognized as shear
cracks) has been emphasized. Secondary cracks are mainly
observed in the experimental works and on the rock samples under
compression (Hoek and Bieniawski, 1965; Bobet and Einstein,
1998; Sagong and Bobet, 2002;). In the author’s recent works, it
has been shown that the secondary cracks may be produced under
both tensile and compressive loading conditions at the kinked
points which may be considered as the possible points of high
stress concentrations (Fatehi Marji et al., 2010; Fatehi Marji
et al., 2011; Manouchehrian and Fatehi Marji, 2012; Fatehi Marji
et al., 2012).
M. Fatehi Marji / International Journal of Solids and Structures 51 (2014) 1716–1736 1717Recently, the extended ﬁnite element method (XFEM) and the
extended boundary element method (XBEM) have been developed
for more sophisticated crack analysis. Mousavi et al. (2010) devel-
oped the harmonic enrichment functions which readily permit the
XFEM to handle multiple interacting and branched cracks without
any special treatment around the junction points. Bird et al. (2010)
introduced the coupled boundary element–scaled boundary ﬁnite
element method. Veriﬁcation of the method is undertaken by
means of estimating stress intensity factors and comparing them
against analytical solutions. The coupled algorithm shows good
convergence properties. Rabczuk et al. (2010) reviewed different
crack tracking techniques in three-dimensions in detail and imple-
mented them in the context of the extended element-free Galerkin
method (XEFG). Garzon et al. (2011) modiﬁed the generalized ﬁ-
nite element method (GFEM) which enables accurate modeling of
problems involving multiple scales of interest using meshes with
elements that are orders of magnitude larger than those required
by the FEM.
A novel enriched Boundary Element Method (BEM) and Dual
Boundary Element Method (DBEM) approach for accurate evalua-
tion of stress intensity factors (SIFs) in crack problems was intro-
duced by Simpson and Trevelyan (2011). They proposed an
efﬁcient numerical quadrature method for the evaluation of
strongly singular and hypersingular enriched boundary integrals.
Chen et al. (2012) used a strain smoothing procedure for the ex-
tended ﬁnite element method (XFEM) known as ‘‘edge-based’’
smoothed extended ﬁnite element method (ESm-XFEM). This
method is tailored to linear elastic fracture mechanics (LEFM)
and then the displacement-based approximation is enriched by
the Heaviside and asymptotic crack tip functions using the frame-
work of partition of unity. This eliminates the need for the mesh
alignment with the crack and re-meshing, as the crack evolves
and propagates.
More recently, the concept of isogeometric analysis describing
CAD geometry are also used to approximate the unknown ﬁelds
in a numerical discretisation by generating a boundary mesh rep-
resenting a signiﬁcant step in reducing the gap between engineer-
ing design and analysis (Simpson et al., 2013). Scott et al. (2013)
proposed an isogeometric boundary element method (BEM),
known as IGABEM, applied to two-dimensional elastostatic prob-
lems using non-uniform rational B-Splines (NURBS). They found
that it is a natural ﬁt with the isogeometric concept since both
the NURBS approximation and BEM deal with quantities entirely
on the boundary.
However, all of these methods give sophisticated and modern
concepts of using analytical methods in combination with the ﬁ-
nite and boundary element methods for estimating the accurate
stress intensity factors and per sue the crack propagation process
in cracked brittle solids based on the linear elastic fracture
mechanics (LEFM). It should be noted that in all of these papers,
it has been tried to incorporate the most accurate analytical ap-
proaches like the transformation and integration procedures in
the numerical methods in order to reduce the meshing and/or
eliminate the re-meshing in a crack propagation process. Displace-
ment discontinuity method (which is a kind of indirect dual
boundary element method) is vastly used for the analysis of the
cracks by many researches (Guo et al., 1990; Shou and Crouch,
1995; Fatehi Marji et al., 2007; Fatehi Marji et al., 2010; Fatehi
Marji et al., 2011; Haeri et al., 2013; Fatehi Marji, 2013). In this
method, the two overlapped crack surfaces (in form of a line crack
for two dimensional problems) are discretized simultaneously (un-
like the direct dual boundary integral method where the two crack
surfaces are discretized separately (Portela et al., 1992; Chen and
Hong, 1999; Benedetti et al., 2008)). Displacement discontinuity
approach reduces the meshing, incorporates the analytical solu-
tions and gives very accurate results because the integrationsand their derivatives on all of the boundary elements (i.e., for or-
dinary, kink and crack tip elements) are evaluated analytically (in
a closed form). Therefore, in this paper, a semi-analytical higher or-
der displacement discontinuity method is presented which uses
the higher order displacement discontinuity formulations near
the kink points. The cracks are traversing and discretizing in coun-
terclockwise directions. Each kink point is considered as two over-
lapped crack tips and the mixed mode stress intensity factors near
the kink (for both left and right sides of the kink) are computed.2. Statement of the problem
Crack branching (bifurcation) is usually considered as a
dynamic process. In the present paper, a quasi-static analysis of
the crack branching mechanism is proposed by using linear elastic
fracture mechanics (LEFM) concepts of stress intensity factors
(SIFs). Based on these concepts, it has been concluded that the sec-
ondary cracks may start their propagation and causing crack
branching phenomenon at the kink points. A two dimensional
higher order kink element displacement discontinuity method is
developed using the special kink elements for the treatment of
the kinked and curved points of the crack and the special crack
tip elements for the treatment of crack tips. This method estimates
the kink stress intensity factors (Mode I and Mode II) at each side of
the kinked points and at the tips of the wing and secondary cracks,
respectively. Based on this approach, the left and right sides of a
propagated kinked crack (consists of a main crack and a wing crack
connecting at a kinked point) are considered as two adjacent crack
tips (i.e., one tip on the left side and one tip on the right side of the
kink element), then the relevant kink displacement discontinuities
are evaluated using linear or quadratic displacement interpolation
functions (specially developed for the kink point treatment).
The linear interpolation displacement function divides each
kink element into two equal sub-elements one on the left side
and another one on the right side of the kinked point. As the dis-
placement discontinuities are estimated for the centers (nodes)
of these sub-elements, the kinks stress intensity factors (Mode I
and Mode II) can be estimated for one half of the sub element
length and for both sides of the kinked point. In the literature of
FEM and BEM, it has been numerically observed that the nodes sit-
uated at a distance equal to one quarter of the crack tip element
length (measured from the crack tip and known as quarter point
element or quarter point sub-element when using higher order
elements) give a better estimation of the Mode I and Mode II stress
intensity factors (Banerjee, 1994; Zienkiewicz and Taylor, 2000;
Ameen, 2001; Sanford, 2003). The same achievement can be gained
by the proposed method when using a quadratic kink element with
two equal sub-elements on the left side and two equal sub-ele-
ments on the right side of the kinked point in a typical higher order
kink element. It should be noted that the cubic variation of dis-
placement discontinuities on the left and right sides of a kinked
point in a kink element may also be used for estimating the Mode
I and Mode II kink stress intensity factors. In this case, using equal
sub-elements in each sides of the kink displacement discontinuity
element, the left and right kink displacement discontinuities are
situated at a distance equal to one twelfth of the total kink element
length (Fatehi Marji and Dehghani, 2010). In this research, linear
and quadratic kink elements are implemented in the boundary ele-
ment code, the higher order cubic elements are used for treating
the ordinary elements and the special crack tip elements are used
for treating the crack tips (see Appendices A and B).
The crack propagation process can be investigated by imple-
menting any mixed mode fracture criterion in the developed
boundary element code. Based on linear elastic fracture mechanics
(LEFM) theory, there are mainly three classic fracture criterion
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introduced by Erdogan and Sih (1963), (2) strain energy release
rate criterion (or G-criterion) proposed by Hussain et al. (1974)
and (3) minimum strain energy (or S-criterion) given by Sih
(1974). Several modiﬁed version of these criteria have also been
used in the literature, e.g., F-criterion which is a modiﬁed version
of G-criterion (Stephansson, 2002). Recently, (Behnia et al., 2011;
Behnia et al., 2013) have shown that for brittle materials such as
rocks (where the Poisson’s ratio, m, is usually less than 0.25) using
r-criterion or S-criterion gives the same results of stress intensity
factors. In the present work the maximum tensile stress criterion
(r-criterion) has been used to estimate the wing and secondary
crack propagation directions and paths. It has been shown that
the secondary cracks may be initiated due to shear and/or mixed
mode (shear and tension) but they will continue to propagate
mainly due to tension toward the direction of maximum applied
stress (in case of compressive loading) and perpendicular to the
direction of minimum tensile stress (in case of tensile loading).
The higher order displacement discontinuity boundary element
method with special crack tip elements can also be used for the
solution of fracture mechanics problems containing kinked and
curved cracks, but a special treatment for the kink cracks may give
a little better results for these kind of crack problems. In the pres-
ent work, a new approach has been proposed for the analysis of
kink and secondary cracks (Fig. 1) which is based on the concept
of kink stress intensity factors (KSIF) originally developed by Fatehi
Marji and Dehghani (2010).
It should be noted that the indirect boundary element is itself a
semi-analytical and mesh-reducing method, because in most cases,
a relatively small number of elements is required to discretise the
boundary of the problem (with a reasonable accuracy of the re-
sults). It is expected that these results help in the understanding
of the characteristics of cracking and crack propagation of brittle
solids such as rocks and rock-like materials and can be used to ana-
lyze the stability of rock and rock structures, such as the excavated
underground openings or slopes, tunneling construction, where
pre-existing cracks or fractures may play a crucial role in the over-
all integrity of such structures. They may also be used in rock
indentation and rock fragmentation processes (Mechanical excava-
tions) occur during drilling and blasting operations in rock masses
or in tunnel boring machines (TBMs) while excavating the rocks.Fig. 1. A center slant crack und3. A kinked crack containing wing and secondary cracks
The facts that the tensile cracks and shear cracks may propagate
from the tips of pre-existing cracks in rock and rock-like solids un-
der compressive loading have been supported by a number of
experimental, analytical and numerical studies (Horii and Nemat-
Nasser, 1985; Ingraffea, 1985; Shen et al., 1995; Bobet and Einstein,
1998; Bobet, 2000; Park, 2008; Wong and Einstein, 2009; Park and
Bobet, 2010; Fatehi Marji et al., 2012; Manouchehrian and Fatehi
Marji, 2012; Manouchehrian et al., 2013). The problem of a kinked
crack with wing, quasi-coplanar and oblique secondary cracks is
schematically shown in Fig. 1. In the breakage process of brittle
materials under uniaxial compression, usually two types of cracks
may be observed which are kinking or branching out from the ori-
ginal tips of the pre-existing cracks. Wing cracks may be consid-
ered as the tensile cracks that initiate at or near the original tips
of pre-existing cracks and propagate steadily in a curved path
diverting parallel to the direction of the major principal compres-
sive stress. Secondary cracks may be considered as the shear cracks
that initiate from the original tips of pre-existing cracks and prop-
agate in a stable manner. Secondary cracks may initiate in two dif-
ferent directions, coplanar (or quasi-coplanar), and oblique to the
direction of pre-existing cracks.
3.1. Experimental observation of wing and secondary cracks
The production of wing and secondary cracks initiated at the
kinked point of a pre-existing crack tip is experimentally illus-
trated in Fig. 2. The uni-axial compressive loading tests were car-
ried out on rock-like specimens prepared from a special type of
concrete (Haeri et al., 2013).
As shown in Fig. 2, most of the wing cracks are initiated near or
at the original tips of the cracks and propagated in a curved path
towards the direction of uni-axial compressive loading. In addition,
these wing cracks are ﬁrstly propagated in a stable manner parallel
to the loading direction. The secondary cracks may not always
appear (because the sample may break away due to the fast prop-
agation of the wing or kink cracks) but after the wing cracks
appeared instantaneously, the secondary cracks may start to
propagate and cause crack branching before the ﬁnal breakage of
rock-like specimen (Figs. 2 (b) and (c)).er uni-axial compression.
(a)Wing cracks, oblique and quasi-
coplanar secondary cracks
(b) Wing cracks and oblique secondary 
cracks 
(c) Wing cracks and quasi-coplanar
secondary cracks  
Fig. 2. Examples of wing crack and two different types of secondary cracks (Haeri et al., 2013).
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In fracture dynamics analysis of crack branching process, it is
usually assumed that under dynamic loading situations one often
has a tensile pulse propagating throughout the material and inter-
acting with existing cracks. Nemat-Nasser and Deng (1994) consid-
ered an array of propagating wing cracks in a brittle solid (Ceramic)
subjected to compression and obtained closed form solution by
assuming purely elastic cracks. They have related the dynamic
stress intensity factor for a moving crack at a velocity, v at any time
t, KIðv ; tÞ to that of KIð0; tÞ (or KIðtÞ) as
KIðv ; tÞ
KIð0; tÞ ¼
1 vCR
1 0:5 vCR
ð1Þ
where CR is the velocity of the Rayleigh wave. It can be seen that for
a quasi-static crack propagation when v << CR one has
KIðv ; tÞ ¼ KIðtÞ under dynamic loading conditions. When a tensile
stress wave (r0) travels at a longitudinal velocity Cl toward a crack,
the crack surface can not transmit tension and therefore the wave is
reﬂected at the surface. At the edges of the crack, longitudinal wave
Cl and shear wave Cs radiate. Eventually, they meet. During their
expansion, the loading of the crack increases. This problem has been
solved by Freund (1976), so that for the dynamic stress intensity
factor KIðtÞ one hasKIðtÞ ¼ 2r0 ð1 2mÞ
1
2
1 m
ﬃﬃﬃﬃﬃﬃ
Clt
p
r
ð2Þ
Thus, since all other parameters are constant, KIðtÞ / t0:5: As the
crack has a loaded region of Clt which increases with the time t, the
effective length of the crack is b ¼ Clt. Therefore, based on the lin-
ear elastic fracture mechanics principle the threshold quasi-static
stress intensity factor may be estimated as:KI ¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pC1t
p
¼ r
ﬃﬃﬃﬃﬃﬃ
pb
p
ð3Þ
However, Ravichhandran and Clifton (1989) proposed a rate of
stress intensity factor, K

I
for ultra-high-speed testing method as
K

I
¼ KI
t
ð4Þ
Erdogan and Sih (1963) have analyzed the crack propagation
process of brittle solids under a two dimensional general stress
system. In particular their work includes the case of a plate under
a uni-axial uniform tension with a central crack of length 2a in-
clined at angle b to the direction of the stress as shown in Fig. 3.
After resolution of the stress ﬁeld, the crack may be subjected to
a stress system of Py normal to the crack, Px parallel and a shear
stress of Pxy on the crack surfaces.
Fig. 3. Wing crack formation at the tips of a center crack under uni-axial tensile
stress (Wong and Einstein, 2009).
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crack tip and postulates that the crack will run in a direction
dictated by the maximum value of the tangential stress, Ph, nor-
mal to a radial line from the crack tip (Fig. 3). The result of this
analysis may be shown as a curve of b versus h (the angle h is
negative because the crack grows downwards). Propagation of
the crack normal to the applied stress Py would be given by
the straight line b+(-h)=p /2.
This solution therefore predicts that if b > 30 the growth
should be below the horizontal, whereas for b < 30  above the hor-
izontal (Fig. 4) (Wong and Einstein, 2009).
Based on linear elastic fracture mechanics (LEFM) principles the
crack will start its propagation in the direction of h ¼ h0 (Fig. 4).
Therefore, the crack propagation path can be predicted by the esti-
mation of the crack initiation angle (i.e., h ¼ h0) (Rossmanith, 1983;
Broek, 1989; Whittaker et al., 1992; Stephansson, 2002). Although
in brittle solids (like most rocks) fracture of Mode II plays an
important role under certain loading conditions and Mode I frac-
ture toughness (KIC) is less than that of Mode II (KIIC), but due to
the weakness (low strength) of rocks under tension, the rock
may breaks due to tensile stress and in most cases the inﬂuence
of KIC prevails over that of KIIC under pure tensile, pure shear, ten-
sion-shear and compression-shear loading conditions (Backers
et al., 2002; Backers et al., 2005). To predict the crack initiation
angle h0 and the path of crack propagation, the maximumFig. 4. Variation of crack extension angle hc versus crack inclination angle b (Wong
and Einstein, 2009).tangential stress criterion or r -criterion, is used here. This is
one of the classical mixed mode fracture criteria which are widely
used by many researchers (Guo et al., 1990; Whittaker et al., 1992;
Fatehi Marji et al., 2006). Based on this criterion the crack will start
its propagation when the critical maximum tangential stress rh0
(in the direction of the crack propagation angle h0) satisﬁes the fol-
lowing conditions:rh0 ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h0
2
KI sin
h0
2
cos
h0
2
þ KII 1 3 sin2 h02
  
¼ 0 ð5Þ
From this equation the crack propagation angle h0 can be esti-
mated as:h0¼2tan1 KI4KII0:25
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2I
K2II
þ8
s" #
for KII–0; and h0¼0 for KII ¼0
ð6Þ
Finally, the general form of ther-criterion in term of the Mode I
fracture toughness of the material (KIC), and the crack propagation
angle h0 can be expressed as:cos
h0
2
KI cos2
h0
2
 3
2
KII sin
h0
2
 
¼ KICðor 0:866KIIÞ ð7Þ
In this paper, Eqs. (5)–(7) are used for a given crack length b (or
a central crack length 2b). To predict the crack propagation path,
the original crack of length b is extended by an amount Db so that
a new crack length bþ Db is obtained, and again these Equations
are used to predict the new conditions of crack propagation for this
new crack. This procedure is repeated until the crack stops its
propagation or the material breaks away. This procedure can give
a propagation path for a given crack under a certain loading condi-
tion (Fatehi Marji et al., 2006).
A common mode of failure of rock specimens under uniaxial
compression is splitting where the fracture surface is approxi-
mately parallel to the direction of applied loading (Fig. 5).
Splitting is generally observed in cylindrical solid specimens
and has been reported in many rock types (Horii and Nemat-Nas-
ser, 1985; Oguni et al., 2009). This splitting failure mechanism nor-
mally involves a sequence of progressive micro-fracturing. These
initiated cracks will propagate with increased loading (Fig. 6). It
should be noted that in Fig. 6, the half crack length is taken as a,
and the crack tip radius is taken as q; respectively (Fatehi Marji
et al., 2011).Fig. 5. Center slant crack in an inﬁnite plate under uniform compression.
Fig. 6. Variation of crack extension angle hc versus crack inclination angle b (for
compressive loading case) based on the maximum tangential stress criterion (Wong
and Einstein, 2009).
(a)
(b)
Fig. 7. Schematic illustration of a kinked crack with its displacement discontinuity
modeling: (a) Kinked cracks geometry; (b) Higher order displacement discontinuity
modeling of a kinked crack.
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Wing and secondary cracks are produced at the kinked portions
of the curved and kinked cracks or at the kinked part of the prop-
agating cracks originating from the original straight crack tips in
brittle materials under various loading conditions. The secondary
cracks may be produced due to crack propagation process of wing
cracks originating from the tip of the pre-existing cracks in a rock
or rocklike material. Crack branching may occur due to the devel-
opment of successive wing and secondary cracks during a crack
propagation process. Micro-cracks can be considered as the newly
initiated small secondary cracks, where their gradual propagation
and coalescence produces the well established secondary cracks
and wing cracks (Park and Bobet, 2009; Yang, 2011; Li and Wong,
2012). Secondary cracks are usually produced due to the shearing
stresses and may propagate further due to the induced shear and
tensile stresses at the kink points where the stress concentration
occur and the kinked stress intensity factors rise beyond the frac-
ture toughness of the material (Fatehi Marji and Dehghani, 2010;
Fatehi Marji et al., 2011; Manouchehrian and Fatehi Marji, 2012;
Manouchehrian et al., 2013).
The analytical and numerical simulation of secondary cracks is
relatively more complicated than that for the wing cracks. In this
context, the higher order displacement discontinuity method
(HDDM), which is an indirect boundary element method (modiﬁed
by simultaneously implementing the ordinary higher order ele-
ments, the special crack tip elements and the special higher order
kink elements) is used to model the crack problems in rock fracture
mechanics. The mechanism of secondary cracks initiation and
propagation can also be numerically simulated by using a new con-
cept of Mode I and Mode II kink stress intensity factors (KSIF)
which is based on the linear elastic fracture mechanics (LEFM)
principles. HDDM formulation and SIF computation using three
special crack tip elements are presented in Appendix A.4.1. Higher order formulations of the kink displacement discontinuities
(KDDs) and kink stress intensity factors (KSIFs)
Fig. 7(a) shows the geometry of a kinked crack produced at the
tip of a pre-existing (original) crack. The crack tip is kinked after
the crack starting its propagation in the direction of crack initiation
angle h. It is assumed that the crack will propagate incrementallyby an amount Db in h direction. Fig. 7(b) illustrates the numerical
discretization of kinked crack by the higher order displacement
discontinuity method (HDDM) implementing the special kinked
elements to estimate the kink displacement discontinuities (KDDs)
for the left and right sides of the kinked points.
The linear, quadratic and cubic variation of displacement dis-
continuities can be used for the special treatment of a kink ele-
ment. The following sections explain the process of modeling and
formulation of linear and quadratic kinked displacement disconti-
nuity elements, the formulation for the cubic kinked displacement
discontinuity elements is already given by Fatehi Marji and Deh-
ghani (2010) and will not be explained further in this study.
4.1.1. Linear kinked displacement discontinuity elements
The linear displacement discontinuity elements may be mod-
eled by using two equal sub elements with the displacement dis-
continuity variation
DtðeÞ ¼ N1ðeÞD1t þ N2ðeÞD2t ; t ¼ x; y ð8Þ
where, D1t and D
2
t are the linear nodal displacement discontinuities,
and,
N1ðeÞ ¼ ðe a1Þ=2a1 and N2ðeÞ ¼ ðeþ a1Þ=2a1 ð9Þ
are the linear collocation shape functions (taking a1 ¼ a2). A linear
element has 2 nodes, which are at the centers of its two equal
sub-elements (Fig. 8(a)). Eq. (9) can be inserted into the common
potential function FiðIjÞ given in Eq. (A.6) for estimating the linear
displacement discontinuities and evaluating the stress and dis-
placement ﬁelds for two dimensional elastostatic problems (see
Appendix B).
The linear displacement discontinuities for kinked elements
may consist of two equal left and right sub-elements jointed at a
kink point as shown in Fig. 8(b).
Fig. 9 illustrates a special displacement discontinuity colloca-
tion approach which can be used to evaluate the linear kinked dis-
placement discontinuities at a kink point.
Using the linear collocation steps given in Fig. 9 for the left and
right side of a kink point in a kink element the following procedure
can be deduced to formulate the kink linear displacement
discontinuities.
The collocation points in the linear element model which are
outside of the kink point, are moved to the crack kink (Fig. 9(a)).
(a) Ordinary linear element             (b) Kinked linear element 
ε
Element 
1
y
2
Di1
2a
Di2
2a
Fig. 8. Linear collocations for the higher order displacement discontinuity elements: (a) Ordinary linear element; (b) Kinked linear element.
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both sides of the kink, the adjacent two displacement discontinu-
ities are extrapolated as:
D2L ¼ D1; D2R ¼ D3 ð10Þ
where subscript L and R stands for values obtained from the left and
right of the kink, respectively (Fig. 9(b)).
The inﬂuences from both sides of the kink are averaged (as
shown in Fig. 9(c)) to give a unique solution for the kink point dis-
placement discontinuity D2, i.e.,
D2 ¼ D2L þ D2R2 ¼
D1
2
þ D3
2
ð11Þ
The linear displacement discontinuity variation for the left part
of the kink can be written as:
DLt ðeÞ ¼ N1LðeÞD1t þ N2LðeÞD2Lt ð12Þ
where,
N1LðeÞ ¼  ea ; N2LðeÞ ¼
eþ a
a
ð13Þ
and for the right part of the kink as:
DRt ðeÞ ¼ N1RðeÞD1t þ N2RðeÞD2Ri ð14Þ
where,
N1RðeÞ ¼ eþ aa ; N2RðeÞ ¼
e
a
ð15ÞFig. 9. Modeling the linear kinked element for a kink point of a crack; a) moving the
D2L and D2R to the kink point; b) extrapolation; c) averaging.Inserting the shape functions given in Eqs. (13) and (15) into Eq.
(A.6), the common potential function, Fki ðIjÞ (for evaluating the gen-
eral kinked displacement discontinuities and the stress and dis-
placement ﬁelds around a kinked point from Eqs. (A.2) and (A.3))
can be formulated as:
Fki ðIjÞ ¼
Z
Nkj ðeÞ ln ðx eÞ þ y2
 1
2de; i ¼ j ¼ m ð16Þ
where m = 2 for linear kinked elements.
4.1.2. Quadratic kinked displacement discontinuity elements
The quadratic displacement discontinuity boundary element
method with special crack tip elements can also be used for the
solution of fracture mechanics problems containing kinked and
curved cracks, but a special treatment for the kink cracks may give
a little better results for these kind of crack problems (Fig. 10).
The same steps for modeling linear kinked elements (Appendix
B) can also be used for the quadratic element modeling of a kinked
crack as demonstrated in Fig. 11 (Shou and Crouch, 1995; Fatehi
Marji and Dehghani, 2010). In the quadratic element model, the
displacement discontinuity at the crack kink for both sides of the
kink may be estimated as
D3L ¼ D12 þ
3D2
2
; D3R ¼ D52 þ
3D4
2
ð17Þ
The inﬂuences from both sides of the kink can be averaged to
give a unique solution for the kink point displacement discontinu-
ity D3 as:
D3 ¼ ðD3L þ D3RÞ2 ¼ 
D1
4
þ 3D2
4
þ 3D4
4
 D5
4
ð18Þ
The quadratic displacement discontinuity variation for the left
part of the kink can be written as:Fig. 10. Quadratic kinked elements with the left and right sides displacement
discontinuities.
Fig. 11. The main steps used for quadratic kink element modeling at a kinked point
of a crack: (a) moving the D3L and D3R to the kink point; (b) modeling; (c)
extrapolation; (d) averaging.
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where
N1LðeÞ¼ e
23aeþ2a2
6a2
; N2LðeÞ¼e
2þaeþ2a2
2a2
; N3LðeÞ¼ e
2a2
3a2
ð20Þ
and for the right part of the kink as:
DRt ðeÞ ¼ N1RðeÞD1t þ N2RðeÞD2i þ N3RðeÞD3Ri ð21Þ
where
N3RðeÞ ¼ e
2  a2
3a2
; N4RðeÞ ¼ ðe
2 þ ae 2a2Þ
2a2
; N5RðeÞ ¼ e
2 þ 3aeþ 2a2
6a2
ð22Þ
Inserting the shape functions given in Eqs. (20) and (22) into
Eq. (A.6), the common potential function, Fki ðIjÞ (for evaluating
the quadratic kinked displacement discontinuities and the stress
and displacement ﬁelds around a kinked point from Eqs. (A.2)
and (A.3) can be evaluated by taking m = 3 in Eq. (16) for the qua-
dratic kinked elements (see Appendices A and B).
4.2. Mode I and Mode II kink stress intensity factors
The mode I and Mode II kink stress intensity factors, KIL and KIIL
for the left side of the kink element are deduced from the displace-
ment discontinuities on the left part of the kinked point as:
KIL ¼ l4ð1 mÞ
2p
a
 1
2
DLyðaÞ; KIIL ¼
l
4ð1 mÞ
2p
a
 1
2
DLxðaÞ ð23Þ
where DLy and D
L
x are the normal and shear kink displacement dis-
continuity components for the left side of the kink element. Simi-
larly for the right part of the kinked point, the mode I and Mode
II kink stress intensity factors, KIR and KIIR can be deﬁned as:
KIR ¼ l4ð1 mÞ
2p
a
 1
2
DRyðaÞ; KIIR ¼
l
4ð1 mÞ
2p
a
 1
2
DRx ðaÞ ð24Þ
where, DRy and D
R
x are the normal and shear kink displacement dis-
continuity components for the right side of the kink element.5. Numerical modeling of quasi-static crack branching process
Several example problems are numerically solved with the pro-
posed method. The stress intensity factors (KI and KII) are evaluated
for the cracks tips using Eqs. (A.11) and the kink stress intensity
factors (KIL;KIIL and KIR; KIIR) are computed for the kinked points
using Eqs. (23) and (24), respectively. It should be noted that these
example problems are numerically solved by the higher order
boundary element method based on the linear elastic fracture
mechanics (LEFM) principles considering various geometry and
loading conditions.5.1. Center slant cracks under uniform tension and compression
Consider a center slant crack with the inclination angle, b and
half crack length, b ¼ 1 m. under the uniform tensile stress,
r ¼ 10 MPa as already shown in Fig. 4. The modulus of elasticity,
Poisson’s ratio and fracture toughness of the inﬁnite plane are as-
sumed as E ¼ 10 GPa and m ¼ 0:2, KIC ¼ 2MPa
ﬃﬃﬃﬃ
m
p
, respectively. The
center slant crack problem has been solved by different investiga-
tors (Isida, 1971a,b; Guo et al., 1990) used the constant element
displacement discontinuity with the special crack tip element for
angles 30, 40, 50, 60, 70 and 80 degrees. They used a different the-
ory of fracture, for evaluating the crack initiation angle h0 and com-
pared their results with the results obtained by other theories (e.g.,
r-criterion given by Erdogan and Sih, 1963, S-criterion deduced by
Sih, 1974 and F-criterion (which is the modiﬁed G-criterion (orig-
inally introduced by Hussain et al., 1974)) proposed by Stephans-
son, 2002. Table 1 compares the results obtained for the crack
initiation angle h0 by the higher order displacement discontinuity
programs TDLCR (Two dimensional displacement discontinuity
program using linear displacement discontinuity elements and
two crack tip elements) and TDKLCR (Two dimensional displace-
ment discontinuity program using linear kinked displacement dis-
continuity elements and two crack tip elements) programs using
the maximum tangential stress theory (or r-criterion) proposed
by Erdogan and Sih, 1963, and the results obtained by other meth-
ods. The numerical results obtained here are very close to those
predicted by the r-criterion (which is also used in this paper).
The analytical and numerical solutions of the normalized Mode
I and Mode II stress intensity factors, KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ, and KII=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ
for a center slant crack problem at different b values are presented
in Table 2. In this table the numerical results obtained by using the
computer code, TDKQCR (Two dimensional displacement disconti-
nuity program using quadratic kinked displacement discontinuity
elements and two crack tip elements). The analytical and numeri-
cal solutions of the normalized Mode I and Mode II stress intensity
factors, KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ, and KII=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ for a center slant crack prob-
lem at different b values are presented in Table 2. These numerical
results are obtained by taking a crack tip element length to half
crack length ratio, L/b = 0.1, a total number of nodes 96 and two
crack tip elements (Fatehi Marji et al., 2006; Fatehi Marji and Deh-
ghani, 2010; Fatehi Marji et al., 2011).
Considering a center crack problem (b ¼ 90), the normalized
stress intensity factor, KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ, has been numerically evaluated
by the proposed higher order displacement discontinuity methods
(i.e., TDKLCR, TDKQCR and ordinary higher order displacement dis-
continuity method using quadratic elements (TDDQCR)). These
numerical results are compared with the results obtained by
Natarajana et al. (2010), using standard XFEM and EFEM + SC
Map (Fig. 12). This comparison illustrates the high accuracy of
the results obtained by the indirect boundary element method by
using only a small number of elements compared to the extended
ﬁnite element method. As it can be seen in Fig. 12, XFEM needs
more than 6400 nodes to present an accurate answer but DDM
Table 1
Crack initiation angle h0 for the center slant crack problem obtained by different methods.
h0 value Result of present work Result of (Guo et al., 1990) using different methods
Angle b TDLCR TDKLCR r-Criterion S-Criterion Experiment Numeric
30 60.00 60.00 60.2 63.5 62.4 67.0
40 55.65 55.65 55.7 56.7 55.1 59.0
50 50.29 50.29 50.2 49.5 51.1 51.0
60 43.22 43.22 43.2 41.9 43.1 41.0
70 33.26 33.26 33.2 31.8 30.7 29.0
80 18.91 18.91 19.3 18.5 17.3 15.0
Table 2
Analytical and numerical values of the normalized intensity factors KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ, and KII=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ for the center slant crack for L/b = 0.1 and 96 nodes.
Angle b (degree) KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ KII=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ
ANALY. TDKQCR TDKLCR ANALY. TDKQCR TDKLCR
10 0.0302 0.0307 0.0309 0.1711 0.17131 0.1752
20 0.1170 0.1181 0.1198 0.3214 0.3256 0.3292
30 0.2500 0.2532 0.2561 0.4330 0.4373 0.4435
40 0.4132 0.4155 0.4176 0.4924 0.4950 0.4977
50 0.5868 0.5889 0.5932 0.4924 0.4950 0.4977
60 0.7500 0.7549 0.7581 0.4330 0.4353 0.4369
70 0.8830 0.8882 0.8926 0.3214 0.3229 0.3249
80 0.9696 0.9749 0.9803 0.1711 0.1718 0.17129
90 1.000 1.007 1.011 0.0000 0.0000 0.0000
Fig. 12. Comparison of the normalized stress intensity factor, KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ, for the
center crack problem (obtained by the proposed higher order element DDM
methods and XFEM methods given by Natarajana et al. (2010)).
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answer with less than 200 nodes.5.2. Center slant crack under uniform compression
A schematic crack with length of 2b is considered in a 2D inﬁ-
nite plate (Fig. 4). The crack inclination angle, b, changes clockwiseTable 3
Typical mechanical properties of an assumed inﬁnite specimen.
Description Parameter Value Unit
Crack length 2b 10 mm
Compressive stress r 10 MPa
Modulus of elasticity E 10 GPa
Poisson’s ratio m 0.2 –
Fracture toughness KIC 1.8 MPa mm1/2
Crack tip length L 0.2 mm
Crack inclination angle b – Deg.
Wing crack initiation angle h – Deg.from the y axis and the compressive stress is acting parallel to the y
axis at inﬁnity. The detailed mechanical properties of the assumed
crack in an inﬁnite specimen are presented in Table 3.
According to the analytical solution (Park and Bobet, 2009), the
Mode I and Mode II fracture toughness of an inﬁnite specimen can
be estimated from:
KI ¼ r
ﬃﬃﬃﬃﬃﬃ
pa
p
-I; KII ¼ r
ﬃﬃﬃﬃﬃﬃ
pa
p
-II ð25Þ
where the non-dimensional coefﬁcients, -I and -II can be deﬁned
as
-I ¼ KIr ﬃﬃﬃﬃﬃﬃpap ¼ 1þ cos 2ðb 45Þ2 ; -II ¼ KIIr ﬃﬃﬃﬃﬃﬃpap ¼ sin 2ðb 45Þ2
ð26Þ
where KI and KII are Mode I and Mode II stress intensity factors
(SIFs), respectively expressed in MPa mm1/2,r is compressive stress
at fracture in MPa, b is half of the crack length in mm, and
r ¼ 10MPa is the uniform compressive stress.
As it can be seen in Eqs. (25) and (26), the SIFs of crack tips are
affected by the crack geometry such as crack length, b and crack
inclination angle, b.
Variations of the-I and-II for the assumed inﬁnite specimenare
illustrated in Table 4 with changes in the b angles. -I decreases
monotonically with increasing b angle, while-II has a global maxi-Table 4
The calculated values of the KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ and KII=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ for different b angels.
b KI=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ KII=ðr
ﬃﬃﬃﬃﬃﬃ
pb
p
Þ
Analytic TDKQCR Analytic TDKQCR
80 0.9698 0.9699 0.1710 0.1710
70 0.8830 0.8831 0.3213 0.3214
60 0.7500 0.7511 0.4330 0.4320
50 0.5868 0.5861 0.4924 0.4928
40 0.4131 0.4132 0.4924 0.4924
30 0.2500 0.2500 0.4330 0.4330
20 0.1169 0.1170 0.3213 0.3214
10 0.0301 0.0301 0.1710 0.1710
E=10GPa, =0.2
y=-100MPa
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Mode I loading is achieved only at b = 90 (-I ¼ 1,-II ¼ 0), whereas
pure Mode II loading is obtained at b = 45 (-I ¼ 0:5;-II ¼ 0:5).
Table 4 demonstrates that TDKQCR code gives very accurate
results for the center slant crack problem. Thus the proposed
numerical method may be considered as a suitable tool for
the analysis of cracks propagation and breakage process in brit-
tle materials.Fig. 14. A 45 degrees slant center crack in an inﬁnite plane under uniform
compressive loading (r ¼ 100 MPa) with upper and lower kinks and secondary
cracks.5.3. Crack branching due to propagation of wing and secondary cracks
Based on the Mode I and Mode II kink stress intensity factors,
for the left and right sides of the kinked points near the crack tips
(Eqs. (23) and (24)); and the Mode I and Mode II stress intensity
factors for the original crack tips, wing and secondary cracks
(Eq. (A.11)) and using a mixed mode fracture criteria such as the
maximum tangential stress criterion given by(Erdogan and Sih,
1963), the crack propagation paths for the wing and secondary
cracks emanating (branching) from the crack tips are given in
Fig. 13 for tensile loading case and in Fig. 14 for compressive load-
ing case using the computer code, TDKQCR using a proper number
of elements along the crack and a proper L/b ratio (Fatehi Marji
et al., 2006). Consider a center slant crack with the inclination an-
gle, b = 45. The upper and lower kink cracks are oriented about
53.3 from the direction of the crack tips of the original cracks.
Based on the the maximum tangential stress criterion, a standard
iterative method is used to estimate the crack propagation paths
for wing and secondary cracks, respectively. Then the secondary
cracks may be initiated at the kink points for both the upper and
lower kinks as illustrated in Fig. 13. At the ﬁrst stage of crack prop-
agation process, the upper and lower kink cracks are oriented
about 53.3 from the direction of the crack tips of the original
cracks.Fig. 13. A 45 degrees slant center crack in an inﬁnite plane under uniform tensile
normal loading r ¼ 10 MPa with upper and lower kinks and secondary cracks.As already explained Section 2, the crack propagation process
and crack branching for the center slant crack problem under com-
pression is quite different from that of tension case. In this problem
the wing cracks are producing ﬁrst at the starting stage of the crack
propagation process and continuing their propagation in the direc-
tion of the maximum principal stress (i.e., the applied uni-axial
compression). Secondary cracks start to propagate (in the form of
quasi-coplanar and or oblique secondary cracks as illustrated
experimentally in Fig. 2). It should be noted that all of the crack
analyses have been carried out based on an iterative algorithm
assuming an incremental crack extension, Db ¼ 0:2b in the pre-
dicted direction. The TDKQCR code is used to model this problem
(Fig. 13 and Fig. 14).
The secondary cracks are initiated ﬁrst due to the induced shear
stresses, then, may continue their propagation due to induced
shear and tension (axial splitting phenomenon explained by Horii
and Nemat-Nasser (1985)) toward the direction of the applied uni-
axial compression. This behavior is also shown recently by Fatehi
Marji et al. (2011), Manouchehrian and Fatehi Marji (2012),
Manouchehrian et al. (2013).
5.4. Crack branching process of the curved and kinked cracks
Curved and kink cracks may occur in cracked bodies (Shou and
Crouch, 1995). The proposed method is applied to the problem of a
45 degree circular crack under far ﬁeld biaxial tension shown in
Fig. 15.
The TDKQCR program using the quadratic kink displacement
discontinuity elements with two special crack tip elements at each
crack end and the TDKLCR program using the linear kink displace-
ment discontinuity elements with two special crack tip elements at
each crack end have been developed for the analysis of the crack
problems. The analytical values of the KI, KII and strain energy
release rate G for a general circular crack problem are expressed
by Cotterell and Rice (1980) as:
KI ¼ r cosa4
pr sin a2
1þ sin2 a4
" #1
2
; KII ¼ r sina4
pr sin a2
1þ sin2 a4
" #1
2
ð27Þ
where based on the linear elastic fracture mechanics (LEFM) princi-
ples the strain energy release rate G is given as:
G ¼ 1 m
2
E
ðK2I þ K2IIÞ ð28Þ
Fig. 15. Circular arc crack under uniform biaxial tension (Shou and Crouch, 1995).
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ing r ¼ 10MPa with a radius of r ¼ 1m, the modulus of elasticity
E ¼ 10GPa, and the Poisson‘s ratio m ¼ 0:2. The analytical values
for this example problem are obtained from Eqs. (27) and (28) as
G ¼ 11:47 103 and based on the r - criterion, the crack propaga-
tion angle, h0 ¼ 20:90o (Shou and Crouch, 1995). The numerical
solution of this problem have been accomplished by using different
higher order displacement discontinuity programs (i.e., TDKLCR
and TDKQCR computer codes). The numerical values for G and h0
are given in Table 5.Table 5
The Numerical values of the strain release rate, G for a 45 degree circular arc crack proble
Number of nodes Strain energy release rate, G 103
TDKQCR TDKLCR
12 12.92 13.42
24 12.32 12.78
36 11.99 12.32
48 11.83 11.94
60 11.72 11.80
72 11.65 11.69
84 11.58 11.61
96 11.52 11.55
108 11.47 11.49
Fig. 16. The normalized stress intensity factor KI=r
ﬃﬃﬃﬃﬃﬃ
pb
p
for a 45 cTable 5 The Numerical values of the strain release rate, G for a
45 degree circular arc crack problem, using different number of
nodes along the crack with a 0.5 degree crack tip.
Fig. 16 and Fig. 17 illustrate the normalized Mode I and Mode II
stress intensity factors (KI=r
ﬃﬃﬃﬃﬃﬃ
pb
p
and KII=r
ﬃﬃﬃﬃﬃﬃ
pb
p
) considering dif-
ferent number of elements along the crack.
Fig. 18 shows the strain energy release rate, G for different
number of elements along the crack and using a small crack tip ele-
ment length L equal to 0.5 degree (i.e., L/b = 0.011). Comparing the
numerical results with the analytical results of the problem show
that the results obtained by the TDKQCR program are somewhat
superior to those obtained by the TDKLCR program specially when
using relatively smaller number of nodes along the crack. Although
the results obtained by both programs are in good agreement with
the analytical results but in most cases the results obtained by the
TDKQCR program are prefered and can be used for the analysis of
crack problems in rock fracture mechanics.
Table 6 presents the numerical values of Mode I and Mode II
stress intensity factors, KI and KII and strain energy release rate,
G, respectively for the elliptical arc cracks in an inﬁnite plate under
biaxial tensile loading.
Fig. 19 shows the variation of Mode I and Mode II stress inten-
sity factors for different b/d ratios considering 45 elliptical arc
crack problems (c and d are ellipses’ axes). It should be noted that
when the ratio of the minor semi-axis, c to the major semi-axis, d
(c/d ratio) reaches to one (c/d = 1), the circular arc crack problem is
obtained and the numerical results can be compared with the ana-
lytical results given in the literature (Cotterell and Rice, 1980).
To investigate the crack branching process of curved and kink
cracks, the normalized mixed mode kink stress intensity factors
(KSIFs) for the left and right sides of kink point (i.e., KIL
r
ﬃﬃﬃﬃ
pb
p , KIR
r
ﬃﬃﬃﬃ
pb
p ,
KIIL
r
ﬃﬃﬃﬃ
pb
p and KIIR
r
ﬃﬃﬃﬃ
pb
p ) are numerically obtained by considering variousm, using different number of nodes along the crack with a 0.5 degree crack tip.
Crack initiation angle, h0 (degrees)
TDKQCR TDKLCR
22.13 22.46
21.46 21.53
21.10 21.22
21.05 21.11
21.00 21.06
20.97 21.01
20.94 20.97
20.92 20.95
20.90 20.94
ircular arc crack problem using different number of elements.
Fig. 17. The normalized stress intensity factor KII=r
ﬃﬃﬃﬃﬃﬃ
pb
p
for a 45 circular arc crack problem using different number of elements.
Fig. 18. The strain energy release rate, G for a 45 circular arc crack problem using different number of elements.
Table 6
Stress intensity factors of 45 elliptical arc crack problems for different c/d ratios (c and d are ellipses’ axes).
(c/d) KI (MP m0.5) KII (MP m0.5) G (103)
0.1 8.444 3.441 8.264781
0.2 7.142 3.541 6.290864
0.3 6.723 3.801 5.883852
0.4 6.893 4.013 6.248764
0.5 7.503 4.013 7.093135
0.6 8.327 3.791 8.201269
0.7 9.120 3.412 9.30404
0.8 9.750 2.971 10.21395
0.9 10.239 2.562 10.97247
1 10.592 2.266 11.52917
Fig. 19. The numerical values of mixed mode stress intensity factors (SIFs) for different c/d ratios for 45 elliptical arc crack problems (c and d are ellipses’ axes).
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Table 7
Stress Intensity Factors for left and right side of kink crack of 45 circular arc crack problem.
(rx, ry) (MPa) KIL
r
ﬃﬃﬃﬃ
pb
p KIR
r
ﬃﬃﬃﬃ
pb
p KIIL
r
ﬃﬃﬃﬃ
pb
p KIIR
r
ﬃﬃﬃﬃ
pb
p hL hR GL GR
(0,10) 33.718 137.772 9.196 91.028 27.25 45.89 0.117 2.618
(0,10) 189.436 49.336 61.505 20.143 30.79 35.74 3.808 0.273
(10,10) 58.315 316.383 17.516 10.825 28.46 3.88 0.356 9.621
(10,10) 137.891 45.249 122.519 15.472 50.73 31.94 3.266 0.220
Fig. 20. Uni-axial tension curved crack, the wing or kink cracks are propagated in
the direction of h = 0 perpendicular to the direction of the applied far ﬁeld tensile
stress.
Fig. 21. Biaxial tension curved crack, the wing or kink cracks are propagated in the
direction of h = 0.
Fig. 22. Uni-axial tension curved cracks, the wing or kink cracks are propagated in
the direction of h = 0 and secondary cracks may be produced but they are usually
overlapped with the kink cracks.
Fig. 23. Biaxial tension curved cracks, the wing or kink cracks are propagated in the
direction of h = 0 and secondary cracks may be produced but they are usually
overlapped or make low angles with the kink cracks.
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puter code) and considering both far ﬁeld uniform and far ﬁeld
biaxial tensile stresses). The numerical results are given in Table 7.
This table also gives the crack propagation angles, hL and hR; and
strain energy release rates, GL and GR, for the left and right side
of a kink point respectively.
The crack propagation process due to wing or kink cracks ema-
nating from the tips of the original circular crack is shown in Fig. 20
for uniform tensile loading and in Fig. 21 for biaxial tensile loading
cases, respectively.
The quasi-static crack branching due to the applied tensile
stress, ry = 10 MPa, for both uniaxial and biaxial loading cases is
illustrated graphically in Fig. 22 and Fig. 23, respectively. It has
been shown that under the tensile loading conditions the curvedcracks usually propagate due to wing or kink cracks only and the
secondary cracks (if they produce) are mainly overlapped with
the previously propagated wing cracks.
For the case of compressive loading of curved cracks, the crack
branching process (due to the propagation of wing and/or second-
ary cracks) is more complicated compared to that of tensile load-
ing. Fig. 24 shows the propagation of kink cracks but Fig. 25
shows the crack branching process starting from the kink points
of a 45 degrees curve crack. The secondary cracks are produced
at the kink points and continue their propagations towards the
direction of uniaxial
Table 8, Fig. 26 and Fig. 27 illustrate the effect of horizontal to
vertical stress ratio (rh/rv) on crack propagation angle, h for a
45 curve crack under uni-axial compressive and tensile loadings,
respectively.
E=10GPa, ν=0.1
σy=-10MPa
Fig. 25. Axial compression curved cracks, the kink cracks are propagated at low
angles relative to the direction of the axial stress and secondary cracks usually
produced and propagated toward the direction of compressive stress.
Fig. 24. Axial compression curved cracks, the wing or kink cracks are propagated at
low angles relative to the direction of the uniaxial compressive stress.
Fig. 26. Variation of initiation angle (in degrees) with respect to the horizontal to
vertical stress ratio in a 45 curve crack.
Fig. 27. Variation of initiation angle by horizontal to vertical stress ratio in a 45
curve crack.
M. Fatehi Marji / International Journal of Solids and Structures 51 (2014) 1716–1736 1729Fig. 28 and Fig. 29 show the effect of conﬁning pressure on the
Mode I and Mode II stress intensity factors (KI and KII) for a 45
curve crack under uni-axial compressive and tensile loadings,
respectively.
The above tables and ﬁgures demonstrate that the crack propa-
gation and crack branching (production of secondary cracks) mayTable 8
Effect of variation of horizontal to vertical stress ratio on initiation angle, h, and KI and KI
rh
rv
 
Compression
h () KI (MPa
ﬃﬃﬃﬃﬃ
m
p
) KII (MPa
ﬃﬃﬃﬃ
m
p
0 113.36 9.56 4.01
0.2 92.8 9.72 3.61
0.4 77.13 9.88 3.22
0.6 65.52 10.04 2.82
0.8 54.49 10.2 2.43
1 45.04 10.35 2.03
1.2 35.36 10.52 1.63
1.4 27.08 10.68 1.24
1.6 18.9 10.84 0.84
1.8 9.62 11 0.45
2 0.36 11.16 0.05also happen for the case of curved cracks especially when the ap-
plied loads are compressive. For the case of tensile loads the wing
cracks are mainly responsible for the crack extension but the sec-
ondary cracks may overlap with the propagating wing cracks and
enhance their developments and growths.6. Discussions
The present paper illustrates the possibility of secondary cracks
propagation at the kink points between the original crack tips and
the wing cracks which may cause the quasi-static crack branchingI for a 45 curve crack.
Tensionﬃ
) h () KI (MPa
ﬃﬃﬃﬃﬃ
m
p
) KII (MPa
ﬃﬃﬃﬃﬃ
m
p
)
36.40 9.56 4.01
33.75 9.72 3.61
30.86 9.88 3.22
27.73 10.04 2.82
24.35 10.19 2.43
20.74 10.36 2.03
16.91 10.52 1.63
12.91 10.68 1.24
8.81 10.84 0.84
4.66 11 0.45
0.55 11.16 0.05
Fig. 28. Variation of Mode I stress intensity factor (KI) due to horizontal to vertical
stress ratio for a 45 curve crack.
Fig. 29. Variation of Mode II stress intensity factor (KII) due to horizontal to vertical
stress ratio for a 45 curve crack.
Fig. 30. Comparison of the normalized stress intensity factor, KI=r
ﬃﬃﬃﬃﬃﬃ
pb
p
(for center
slant crack problem explained in Fig. 12) using TDKLCR and TDKQCR.
Fig. 31. A slant center crack in an inﬁnite plane under uniform compressive normal
loading with upper and lower kinks and secondary cracks (Fatehi Marji et al., 2011).
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(linear and quadratic) kinked displacement discontinuity elements
are formulated to treat the kinked parts of the boundaries and
cracks. The higher order displacement discontinuity methods
developed here for the crack propagation analysis are very accu-
rate (using a relatively small number of boundary elements
(nodes) compared to the XFEM see Fig. 12). Fig. 30 shows the high
accuracy of the proposed method (TDKLCR and TDKQCR computer(a) Left crack tip              
Fig. 32. Crack propagation pattern for (a) left and (b) right tips of a center slant ccodes) for the center crack problem already explained in Fig. 12. It
can be seen that the numerical results for the normalized stress
intensity factor, KI=r
ﬃﬃﬃﬃﬃﬃ
pb
p
are converging to its analytical values
(that is equal to 1) as the number of boundary elements (nodes)
along the crack is increased.         (b) Right crack tip  
rack (b = 45 degrees) under uniaxial compression (Fatehi Marji et al., 2012).
Fig. A1. The constant displacement discontinuities Dy and Dx along a typical
boundary element.
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the kinked points (the points where the original crack tips start
their propagation and form the wing or kink cracks) due to high
stress concentration which in turn is due to the singularity effect
of the kinked point. This point may be considered as the two over-
lapped crack tips, one tip from the left and one tip from the right
sides of the kink point. One of the secondary cracks may be prop-
agated in the direction of original cracks (known as co-planar
secondary crack) and the other one in the direction of kink crack
(known as oblique secondary crack). This phenomenon is experi-
mentally shown in Fig. 2 (Haeri et al., 2013) and numerically de-
duced by Fatehi Marji et al. (2011) and shown graphically in
Fig. 31 for comparison.
Recently, several researchers have worked on the crack propa-
gation in brittle solids (Fatehi Marji and Dehghani, 2010; Fatehi
Marji et al., 2011; Fatehi Marji et al., 2012; Manouchehrian and
Fatehi Marji, 2012; Fatehi Marji, 2013; Manouchehrian et al.,
2013; Haeri et al., 2013). For example, Fatehi Marji et al. (2012)
have studied the mechanism of secondary crack propagation by a
bonded particle model (BPM) using PFC2D. These results show that
the secondary cracks propagation may occur in one direction and
with large inclination angles (about 60 degrees with respect to
the horizontal axis) for a center slant crack problem inclined at
b = 45 degrees from the loading direction (Fig. 32).
The numerical modeling explained in the present paper, the
experimental work shown in Fig. 2 and the numerical results given
in Fig. 32 all show that the original crack may branch out into two
or three emanating cracks from each crack tip. It should be noted
that in the dynamic analysis of crack branching each crack tip is
usually branched out into two parts.
7. Conclusions
The crack branching process have been numerically modeled
based on the LEFM principles by using an indirect boundary ele-
ment method specially developed to treat the kink points of the
propagating cracks in solid materials. The special kink displace-
ment discontinuities (KDDs) have been formulated for the left
and right parts of a kink point. Then the kink stress intensity fac-
tors (KSIFs) are numerically evaluated and the secondary cracks
propagation directions are estimated based on the maximum tan-
gential stress theory of mixed mode fracture. The mechanism of
secondary crack initiation and propagation is studied by using
the concept of stress concentration at the kink points of the prop-
agating original cracks. The higher order (linear and quadratic)
kinked displacement discontinuity elements are used to estimate
the displacement discontinuities on the left and right parts of the
kinked points. The original cracks can be either straight or curved
and also under both tensile and compressive loading conditions.
These cracks can be kinked under various loading conditions and
the secondary cracks can be initiated at the kinked part of the
propagated cracks.
It has been concluded that the secondary cracks can be pro-
duced under compressive loading cases where the shear stresses
are more dominant compared to tensile loading conditions. The
quasi-static crack branching process may be studied well by the
proposed method. As a whole, It has been tried to model and to
study the crack branching process in brittle solids quasi-statically.
Various problems (that is the straight cracks and curved cracks
problems) have been modeled and the results are presented in sev-
eral tables and illustrated in various Figures throughout the text. It
has been concluded that the original cracks propagate mainly due
to the propagation of wing cracks in the direction of applied com-
pressive loads (or perpendicular to the direction of tensile loads).
The secondary cracks may or may not be produced during the ﬁrst
stages of the crack propagation but they may start their propaga-tion after some crack growing. For the case of curved cracks the
propagation and development of wing cracks are also more domi-
nant but the secondary cracks may be produced and crack branch-
ing may also occur specially when the applied loads are
compressive. For the case of tensile loading, secondary cracks
may be produced but they usually overlap with the propagating
wing cracks and may enhance the further extensions of wing
cracks perpendicular to the direction of the applied loads.
Appendix A.
A.1. Higer order displacement discontinuity method
The displacement discontinuity method as originally develpoed
by Crouch (Crouch, 1976; Crouch and Starﬁeld, 1983) is deﬁned as
the difference between the corresponding displacement compo-
nents on either sides of a straight line crack (Fig. A1). Considering
a straight line crack of length 2a in a local x; y coordinate system
and taking a variable e, changing along the x-axis from –a to a on
the line crack with a positive side y ¼ 0þ and a negative side
y ¼ 0 .
Assuming a constant variation of displacements along each side
of the straight line crack (Fig. A1), the normal and shear displace-
ment discontinuities, Dy and Dx, can be deﬁned as
Dy ¼ uyðx;0Þ  uyðx;0þÞ; Dx ¼ uxðx;0Þ  uxðx;0þÞ ðA:1Þ
where uyðx; 0þÞ, uyðx;0Þ and uxðx;0þÞ;uxðx;0Þ are the normal and
shear displacements on the positive and negative sides of the line
crack, respectively. The displacements and stresses for a line crack
in an inﬁnite body along the x-axis, in terms of the harmonic func-
tions g(x,y) and f(x,y), as:
ux ¼ ½2ð1 mÞf;y  yf;xx þ ½ð1 2mÞg;x  yg:xy
uy ¼ ½ð1 2mÞf;x  yf;xy þ ½2ð1 mÞg;y  yg:yy
ðA:2Þ
where the stresses are
rxx ¼ 2l½2f ;xy þ yf;xyy þ 2l½g;yy þ yg;yyy
ryy ¼ 2l½yf;xyy þ 2l½g;yy  yg;yyy
rxy ¼ 2l½2f ;yy þ yf;yyy þ 2l½yg;xyy
ðA:3Þ
The symbol l is the shear modulus, m is the Poisson’s ratio, and
f,x, g,x, f,y, g,y, etc. are the partial derivatives of the harmonic func-
tions f(x,y) and g(x,y), with respect to x and y, respectively. For a
general displacement discontinuity method using the higher order
displacement discontinuity elements (linear, quadratic and cubic
elements), the potential functions, f(x,y) and g(x,y) with respect
to a common harmonic function FiðIjÞ can be deﬁned as:
f ðx; yÞ ¼ 1
4pð1 mÞ
Xm
j¼1
DixFiðIjÞ; gðx; yÞ
¼ 1
4pð1 mÞ
Xm
j¼1
DiyFiðIjÞ; i ¼ m ðA:4Þ
Fig. A2. Three special crack tip element treatment using boundary collocation
technique (for a left crack tip).
Fig. A3. The three special crack tip element lengths, l1 ¼ 2a1 ¼ 2l9, l2 ¼ 2a2 ¼ 3l9, and
4l
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m = 3 for quadratic and m = 4 for cubic shape functions, respec-
tively) based on which the common potential function FiðIjÞ can
be deﬁned as:
FiðIjÞ ¼
Z
NjðeÞ ln ðx eÞ þ y2
 1
2de; i ¼ j ¼ m ðA:5Þ
As an example, the FiðIjÞ function for the cubic element case
(m = 4) can be found from:
FiðIjÞ ¼
Z
NjðeÞ ln ðx eÞ þ y2
 1
2de; i ¼ j ¼ m ðA:6Þ
with the integrals I1, I2, I3, and I4 expressed as follows:
I1ðx; yÞ ¼
Z a
a
ln ðx eÞ2 þ y2
h i1
2
de
¼ yðh1  h2Þ  ðx aÞ lnðr1Þ þ ðxþ aÞ lnðr2Þ  2a ðA:7-aÞ
I2ðx; yÞ ¼
Z a
a
e ln ðx eÞ2 þ y2
h i1
2
de
¼ xyðh1  h2Þ þ 0:5ðy2  x2 þ a2Þ ln r1r2  ax ðA:7-bÞ
I3ðx; yÞ ¼
Z a
a
e 2 ln ðx eÞ2 þ y2
h i1
2
de
¼ y
3
ð3x2  y2Þðh1  h2Þ þ 13 ð3xy
2  x3 þ a3Þ lnðr1Þ
 1
3
ð3xy2  x3  a3Þ lnðr2Þ  2a3 x
2  y2 þ a
2
3
 
ðA:7-cÞ
I4ðx;yÞ¼
Z a
a
e3 ln ðxeÞ2þy2
h i1
2
de
¼ xyðx2y2Þðh1h2Þþ0:25ð3x46x2y2þ8a2x2þa4y4Þ
 ½lnðr1Þ lnðr2Þ2axðx2þa2Þ½lnðr1Þþ lnðr2Þ
þ1:5ax33axy2þ7a3x=6 ðA:7-dÞ
The terms h1, h2, r1 and r2 in this equation are deﬁned as:
h1 ¼ arctan yx a
	 

; h2 ¼ arctan yxþ a
 
;
r1 ¼ ðx aÞ2 þ y2
h i1
2
; and r2 ¼ ðxþ aÞ2 þ y2
h i1
2 ðA:8Þ
The higher order displacement discontinuity method with lin-
ear, quadratic and cubic variation of displacement discontinuities
is used to solve the crack problems with ordinary elements along
the boundaries of the crack body and along the straight cracks;
and special crack tip elements near the crack ends (Fatehi Marji
et al., 2006, 2007, 2009).
A.2. Stress intensity factors computation using three special crack tip
elements
Considering a body of arbitrary shape with a crack of arbitrary
size, subjected to arbitrary tensile and shear loadings (i.e., the
mixed mode loading I and II), the displacements and stresses near
the crack tip of a crack of arbitrary size (in a body of arbitrary
shape) subjected to arbitrary tensile and shear loading are given
by Irwin (1957) as follows.
The displacements are:
ux ¼ KI4G
ﬃﬃﬃﬃﬃﬃ
r
2p
r
ð2j 1Þ cos h
2
 cos 3h
2
 
þ KII
4G
ﬃﬃﬃﬃﬃﬃ
r
2p
r
ð2jþ 3Þ sin h
2
þ sin 3h
2
 
uy ¼ KI4G
ﬃﬃﬃﬃﬃﬃ
r
2p
r
ð2j 1Þ sin h
2
 sin 3h
2
 
 KII
4G
ﬃﬃﬃﬃﬃﬃ
r
2p
r
ð2j 3Þ cos h
2
þ cos 3h
2
 
ðA:9Þand the stresses are:
rx ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1 sin h
2
sin
3h
2
 
 KIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
2þ cos h
2
cos
3h
2
 
þ   
ry ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1þ sin h
2
sin
3h
2
 
þ KIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
cos
h
2
cos
3h
2
þ   
rxy ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
cos
h
2
cos
3h
2
þ KIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1 sin h
2
sin
3h
2
 
þ   
ðA:10Þ
where j ¼ ð3 4mÞ for plane strain and j ¼ ð3 mÞ=ð1þ mÞ for
plane stress KI and KII are the Mode I and Mode II stress intensity
factors and r and h are as deﬁned in Fig. A2.
The displacement discontinuity method permits crack surfaces
to be discretized and computes the crack opening displacement
(COD the normal displacement discontinuity), and crack sliding
displacement (CSD the shear displacement discontinuity) directly
as a part of the solution for each element. Therefore, based on LEFM
theory, the Mode I and Mode II stress intensity factors KI and KII can
be written in terms of the normal and shear displacement discon-
tinuities as (Fatehi Marji, 1990; Shou and Crouch, 1995):
KI ¼ l4ð1 mÞ
2p
a
 1
2
DyðaÞ; and
KII ¼ l4ð1 mÞ
2p
a
 1
2
DxðaÞ ðA:11Þ
Considering a crack tip of length L ¼ 2a ¼ 2ða1 þ a2 þ a3Þ in an
inﬁnite isotropic elastic body (Fig. A3), the three special crack tip
elements showing the variation of displacement discontinuities
along this crack tip element can be written in the following form:
DiðeÞ ¼ C1e12 þ C2e32 þ C3e52 ðA:12Þ
Omitting the details, Eq. (A.12) can be rearranged into the fol-
lowing form:
DiðeÞ ¼ ½NC1ðeÞD1i ðaÞ þ ½NC2ðeÞD2i ðaÞ þ ½NC3ðeÞD3i ðaÞ ðA:13Þl3 ¼ 2a3 ¼ 9, respectively.
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present work, the 1ﬃﬃrp characteristic of the stress ﬁeld in the near ﬁeld
region of the crack tip (as given in Eq. (A.10)) is modeled by choos-
ing the three special crack tip elements as shown in Fig. A3 (i.e., for
a left crack tip, as illustrated in Fig. A2), in this case, the near crack
tip displacement discontinuities are obtained at a distance l/9 from
the crack tip (Sanford, 2003).
Taking the total crack tip element length as l ¼ 2ða1 þ a2 þ a3Þ,
with three sub-elements l1 ¼ 2a1 ¼ 2l=9, l2 ¼ 2a2 ¼ 3l=9, and
l3 ¼ 2a3 ¼ 4l=9 and combining the Eqs. (A.12) and (17), the general
shape functions NC1ðeÞ, NC2ðeÞ and NC3ðeÞ can be obtained as:
NC1ðeÞ ¼ ða22  a33Þ½a22a33e
1
2  ða22 þ a33Þe32 þ e52
a
1
2
11ða11  a22Þða11a22  a11a33  a22a33 þ a233Þ
ðA:14-aÞ
NC2ðeÞ ¼ ða33  a11Þ½a11a33e
1
2  ða11 þ a33Þe32 þ e52
a
1
2
22ða11  a22Þða11a22  a11a33  a22a33 þ a233Þ
ðA:14-bÞ
NC3ðeÞ ¼ ½a11a33e
1
2  ða11 þ a33Þe32 þ e52
a
1
2
33ða11a22  a11a33  a22a33 þ a233Þ
ðA:14-cÞ
where a11 ¼ a1 ¼ l9, a22 ¼ 2a1 þ a2 ¼ 7l18 and a33 ¼ 2ða1 þ a2Þ þ a3 ¼ 7l9
Considering a1 ¼ a2 ¼ a3, the shape functions NC1ðeÞ; NC2ðeÞ and
NC3ðeÞ can be written as:
NC1ðeÞ ¼
ﬃﬃﬃﬃﬃ
e
a1
r
1:875 e
a1
þ 0:125 e
2
a21
 
;
NC2ðeÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
e
3a1
r
1:25 1:5 e
a1
þ 0:25 e
2
a21
 
;
NC3ðeÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
e
5a1
r
0:375 0:5 e
a1
þ 0:125 e
2
a21
 
ðA:15Þ
Finally, by substituting Eqs. (A.14) or (A.15) into Eqs. (A.13) and
then substituting these equations into Eqs. (A.2) and (A.3) (and
following the procedures similar to those given for the derivation
of the general potential function FjðI1; I2; I3; I4Þ in Eq. (A.6)), the
general potential function fCðx; yÞ for the crack tip element can be
expressed as:
fCðx; yÞ ¼ 14pð1 mÞ
Z a
a
N1ðeÞ ln ½ðx eÞ2 þ y2
1
2de
 
D1i

þ
Z a
a
N2ðeÞ ln ½ðx eÞ2 þ y2
1
2de
 
D2i
þ
Z a
a
N3ðeÞ ln ðx eÞ2 þ y2
h i1
2
de
 
D3i

ðA:16-aÞ
fCðx; yÞ ¼  14pð1 vÞ
 
ðIC1ðx; yÞD1i þ IC2ðx; yÞD2i þ IC3ðx; yÞD3i Þ
ðA:16-bÞ
fCðx; yÞ ¼  14pð1 vÞ
X3
j¼1
DjiFCðICjÞ ðA:16-cÞ
in which the integral function FCðICjÞ can be obtained as:
FCðICjÞ ¼
Z a
a
NCjðeÞ ln ðx eÞ2 þ y2
h i1
2
de; j ¼ 1;2;3 ðA:17Þ
From this, the following integrals are deduced:
IC1ðx; yÞ ¼
Z a
a
e12 ln ½ðx eÞ2 þ y2
1
2de; IC2ðx; yÞ
¼
Z a
a
e32 ln ½ðx eÞ2 þ y2
1
2de; IC3ðx; yÞ
¼
Z a
a
e52 ln ½ðx eÞ2 þ y2
1
2de ðA:18ÞIt should be noted that two degrees of freedom are used for
each node at the center of each sub-element (Shou and Crouch,
1995; Fatehi Marji, 2013).
Appendix B.
B.1. Linear kink elements
The boundary element of length 2a is divided into two equal
sub elements (a1 ¼ a2) with central nodes 1 and 2, respectively
(Fig. B1).
The special shape functions can be derived in the following
manner:
DiðeÞ ¼ Aþ Be which can be reduced to the following equation:
DiðeÞ ¼ N1ðeÞD1i þ N2ðeÞD2i
where D1i and D
2
i (i ¼ x; y) are the nodal displacement discontinu-
ities, N1ðeÞ and N2ðeÞ are the displacement collection shape func-
tions and can be derived in the following form
NjðeÞ ¼ Aj þ Bje;
where j ¼ 1;2 and, Aj and Bj can be obtained from:
A ¼ A1D1i þ A2D2i
B ¼ B1D1i þ B2D2i
For the left side of the kink point one may denote D2i ¼ D2Li
therefore,
for e ¼ 0) B ¼ D1i and for e ¼ a1 ) a1Aþ B ¼ D2Li , then
A ¼  1a1 D
1
i þ 1a1 D
2L
i
B ¼ D1i
and DiLðeÞ ¼ N1LðeÞD1i þ N2LðeÞD2Li where
N1LðeÞ ¼ A1 þ B1e ¼ 1 ea1 ; N2LðeÞ ¼ A2 þ B2e ¼ 0þ
e
a1
For the right side of the kink point one may denote D3i ¼ D2Ri and
D4i ¼ D3i therefore, for e ¼ 0) B ¼ D3i and for e ¼ a1 ) a1Aþ B
¼ D2Ri , then
A ¼ 1
a1
D1i 
1
a1
D2Ri ; B ¼ D3i
and DiLðeÞ ¼ N2RðeÞD2Ri þ N3RðeÞD3i where
N2RðeÞ ¼ A1 þ B1e ¼ 0 ea1
N3RðeÞ ¼ A2 þ B2e ¼ 1þ ea1
The general displacement discontinuity function, DiðeÞ for a linear
kink element can be written as
DiðeÞ ¼ DiLðeÞ þ DiRðeÞ
¼ N1LðeÞD1i þ N2LðeÞD2Li þ N2RðeÞD2Ri þ N3RðeÞD3i
The linear potential functions f LKLðx; yÞ and f LKRðx; yÞ for the left and
right sides of the kink point can be expressed respectively as:Fig. B1. Linear Kink Element.
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1
4pð1 mÞ
X2
j¼1
DjiFjðImÞ; D2i ¼ D2iL for the left side
where i ¼ x; y;m ¼ 1;2 and
f LKRðx; yÞ ¼ 
1
4pð1 mÞ
X2
j¼1
DjiFjðImÞ; D1i ¼ D2iR;D2i ¼ D3i
so that the common function FjðImÞ is deﬁned as
FjðImÞ ¼ FjðI1; I2Þ ¼
Z a
a
NjðeÞ ln ðx eÞ2 þ y2
h i1
2
de
where N1ðeÞ ¼ N1LðeÞ;N2ðeÞ ¼ N2LðeÞ for the left side of the kink
point and N1ðeÞ ¼ N2RðeÞ, N2ðeÞ ¼ N3RðeÞ for the right sides of the
kink point, respectively.
From which the following integrals are obtained and can be
evaluated analytically (or numerically)
I1 ¼
R a
a ln ðx eÞ2 þ y2
h i1
2
de
I2 ¼
R a
a e ln ðx eÞ2 þ y2
h i1
2
de
These integrals are the same as those given in Eqs. (A7-a) and
(A7-b), respectively. These integrals and their derivatives are used
in Eqs. (A2) and (A3) to obtain the displacement discontinuities
based on which the stresses, displacements and stress intensity
factors for the kink points can be evaluated.
B.2. Quadratic kink element
The second order displacement discontinuity variation using
the displacement boundary collection technique with three nodal
boundary elements can be derived in the following manner. The
boundary element of length 2a is divided into three equal sub ele-
ments (a1 ¼ a2 ¼ a3) with central nodes 1, 2 and 3, respectively
(Fig. B2).
The special Shape functions can be derived in the following
manner:
DiðeÞ ¼ Aþ Beþ Ce2
which can be reduced to the following equation:
DiðeÞ ¼ N1ðeÞD1i þ N2ðeÞD2i þ N3ðeÞD3i
where D1i , D
2
i and D
3
i (i ¼ x; y) are the nodal displacement disconti-
nuities, N1ðeÞ, N2ðeÞ and N3ðeÞ are the displacement collection shape
functions and can be derived in the following for-
mNjðeÞ ¼ Aj þ Bjeþ Cje2, where j ¼ 1;2;3 and Aj, Bj and Cj can be ob-
tained from:
A ¼ A1D1i þ A2D2i þ A3D3i
B ¼ B1D1i þ B2D2i þ B3D3i
C ¼ C1D1i þ C2D2i þ C3D3iFig. B2. Quadratic Kink Element.For the left side of the kink point one may denote D3i ¼ D3Li
therefore,
for e ¼ a1 ) a21A a1Bþ C ¼ D1i
for e ¼ a1 ) a21Aþ a1Bþ C ¼ D2i and
for e ¼ 2a1 ) 4a21Aþ 2a1Bþ C ¼ D3iL, so that
A ¼  1
6a21
D1i  12a21 D
2
i þ 13a21 D
3L
i
B ¼  12a1 D
1
i þ 12a1 D
2
i
C ¼ 13D1i þ D2i  13D3Li
then DiLðeÞ ¼ N1LðeÞD1i þ N2LðeÞD2i þþN3LðeÞD3Li where
N1LðeÞ ¼ A1 þ B1eþ C1e2 ¼ 13 12a1 e þ 16a21 e
2
N2LðeÞ ¼ A2 þ B2eþ C2e2 ¼ 1þ 12a1 e 12a21 e
2
N3LðeÞ ¼ A3 þ B3eþ C3e2 ¼  13þ 13a2
1
e2
For the right side of the kink point one may denote D4i ¼ D3Ri ;
D5i ¼ D4i and D6i ¼ D5i therefore,
for e ¼ 2a1 ) 4a21A 2a1Bþ C ¼ D3Ri
for e ¼ a1 ) a21A a1Bþ C ¼ D4i and
for e ¼ a1 ) a21Aþ a1Bþ C ¼ D5i , so that
A ¼  1
3a21
D3Ri  12a21 D
4
i þ 16a21 D
5
i
B ¼  12a1 D
4
i þ 12a1 D
5
i
C ¼  13D3Ri þ D4i þ 13D5i
then DiRðeÞ ¼ N3RðeÞD3Ri þ N4RðeÞD4i þþN5RðeÞD5i where
N3RðeÞ ¼ A1 þ B1eþ C1e2 ¼  13þ 13a2
1
e2
N4RðeÞ ¼ A2 þ B2eþ C2e2 ¼ 1 12a1 e 12a21 e
2
N5RðeÞ ¼ A3 þ B3eþ C3e2 ¼ 13þ 12a1 eþ 16a21 e
2
The displacement discontinuity function, DiðeÞ for a quadratic
kink element can be written as
DiðeÞ ¼ DiLðeÞ þ DiRðeÞ
¼ N1LðeÞD1i þ N2LðeÞD2i þ N3LðeÞD3Li þ N3RðeÞD3Ri þ N4RðeÞD4i
þ N5RðeÞD5i
The quadratic potential functions f QKLðx; yÞ and f QKRðx; yÞ for the
left and right sides of the kink point can be expressed respec-
tively as:
f QKLðx; yÞ ¼ 
1
4pð1 mÞ
X3
j¼1
DjiFjðImÞ;
D3i ¼ D3Li for the left side of the kink;
where m ¼ 1;2;3 and
f QKRðx; yÞ ¼ 
1
4pð1 mÞ
X3
j¼1
DjiFjðImÞ;
D1i ¼ D3iR;D2i ¼ D4i ;D3i ¼ D5i for the right side of the kink;
where the common function FjðImÞ is deﬁned as
FjðImÞ ¼ FjðI1; I2; I3Þ ¼
Z a
a
NjðeÞ ln ðx eÞ2 þ y2
h i1
2
de;
where N1ðeÞ ¼ N1LðeÞ;N2ðeÞ ¼ N2LðeÞ;N3ðeÞ ¼ N3LðeÞ for the left side
of the kink point and N1ðeÞ ¼ N3RðeÞ;N2ðeÞ ¼ N4RðeÞ;N3ðeÞ ¼ N5RðeÞ
for the right sides of the kink point, respectively. Inserting these
M. Fatehi Marji / International Journal of Solids and Structures 51 (2014) 1716–1736 1735shape functions the following integrals are obtained and can be
evaluated analytically (or numerically)
I1 ¼
R a
a ln ðx eÞ2 þ y2
h i1
2
de
I2 ¼
R a
a e ln ðx eÞ2 þ y2
h i1
2
de
I3 ¼
R a
a e
2 ln ðx eÞ2 þ y2
h i1
2
de
These integrals are the same as those given in Eqs. (A7-a),
(A7-b) and (A7-c), respectively. These integrals and their deriva-
tives are used in Eqs. (A2) and (A3) to obtain the displacement dis-
continuities based on which the stresses, displacements and stress
intensity factors for the kink points can be evaluated.References
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